
d- bijective approach to

KPZ solvable models

( Lecture 3)



Last time we defined the shrew

RSK map

RSK (P
,
Q ) = ( Ñ , @ )

a-

PP-
and the shrew RSK dynamics

( p
't '

,
Q
"'

) = RS kᵗ (P
,
Q)

with initial conditions CP.ca )
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Schematic description of sohtonic systems
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= phase shifts



The existence of einfimtely many ]
conservation locus makes the dynamics

exactly solvable .

In other minds there exists a (non-linear)

map V

physical coordinate quasi -momenta locations
↓

↓

ziti- ( Lpi } ; ; { ni }?
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In our case the physical coordinates
are

yet ) = (P
"'

,

@
'ᵗ '
)

while we have seen that solitons

ore

3% } → ( V
,

W ) = vertically strict
tableaux of

shape µ

} Mi } → ( Ky , . . .

, Kµ, ) Kiehl
with possibly
some condition
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Question : lou we characterize the shape

µ from tableaux (P
,
Q ) ?
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1 33 rump 2
{ 35 ↳ { } }
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2 34 ? ?
1 3 5 2 2 5 3 3

2 3

ti
'

. 11=4 = Ms
J

i

✓ = ∅ 12=7 = µs+µz
I /

"

. lz=8 =

µ1tµ2+µ3

Question : Can we characterize the symmetries

of the shrew RSK dynamics ?



Koshiwana operators éi , É.

We will consider words / tableaux ( resp .

matrices )

with entries in 31
,
. . _ ,
n 1 Cheap m rows lol . )

.

Action on words :

W = 4232 1 23 1 4 33 2 1 24 1 2 33

) ( ) ) ( ( ( ) ) ) ( C

) It It t# t 7 CC
M Mr

Églw) = 4232 1 23 1 4 33 2 1 24 1 2 23

£2 ( w ) = 4232 1 3 3 14 33 2 1 24 1 2 33

Action on tableaux :

1 2 §g 1 2

1 22 1 1 2

23 3 2 33
a

etc



ie = internal insertion with cycling ,

E- 1,2
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1 2

34 1 3 3 ( Q 's labels
1 3 5 ← 2 2 2 5
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2 ← 3 3

• when there are multiple 1's in Q proceed
from left to the right

• is (P , Q ) = swap ( iz CQ.PT )



We can equip the set of poirs
(RQ ) with on

"

affine bi crystal
"

structure

É = E. ✗ a É = Fix 1

≈ (2)

f- i = 1 ✗ e- i É? = 1 ✗ I

f-or I= 1
, .
. -

,
n -I

-

ÉCE '
o

= ie ◦ É
"'

s
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0
= I
,
◦
§ K )
is
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for i=o



Theorem The skew RSK map eamutes

with the affine bing.to structure on

CP
,
a)

.
Let h be any composition

of E !
"

,

F!
"

{= 1,2
,

i=0
, _ . . ,

m -L
.

Then
, for all (P, Q ) , we have

h ( RSKCP.ca/--RSk(kCP.Q7 )
.

Theorem The affine bicrystol structure
on (P

, Q ) induces on affine binyotol
structure on (V

,
W )

.

Moreover the hotter is isomorphic to
a product of two affine crystal structures
on void W

.



i ifi

b °→ b
'

if b is image
of -0>

Facts :
• The induced graph is a Kirillov-Reschetikin crystal

•Denature subgraph : erose

•The Denature subgraph is connected
.

[Fourier- Schilling - Shimo-20W ]

Def : Lr : V→ Yom (µ )
Leading map

Def : HIV ) = # fi - # e-◦ in Lv Intrinsic

Energy



Theorem [ Sanderson ]

I
Vvertically

9ᵗʰ" " •✓ =Pµ( a ,

strict toblou

of shapeµ

where Pµ is the g-
Whittaker polynomial .

We can induce a Denature crystal
structure on points (P, Q ) .

Def F
'

}
'
:( P

, a) → CÑ
,
Ñ ) is a

Denature arrow if LP.at is image of
FF

'

.



Def . Lp,a(P, Q ) = (Tit ) is

a leading mop if it is the pre- image
of a product of leading mops for KW

P Q T T

1 2 Lp,Q
1 3 3

mpg
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ʰ
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ʰ
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3 3 3 3

✓ W Your (M )

Lemma Assume P
,
Q ~ 11s and 1--5/5

Then
191 -151 = NIV) + KIWI .



We can characterize the image of

heading maps

Def T is a leading tableaux if
whenever it has to i. cells at row r

,
then

it has at least to ii. 17 - cells at now

r-I
, for each K

, r> o and i = 2
,
. . .
m .

Theorem There exists a bijection

/ Leading tableaux } { in ; in }
T Mr partitions

= (Ky , . . . , Kms )

: Ki ≥Ki+ , if Mimi . .

1 1

1 1 I 2 1 1 1 2

22 3 2 23 (F#j(0,1 ,1,1) ; ∅ )



Theorem we have constructed

a bijection
r

(P
,
Q ) ( V. W ; K , 2)

such that

1) If I = KIVI + KIWI + 1hr1 + / v1

2) 11 = µ ,
+ V1

3) If (twit
'

;v ) (RQ ) ⇒ hdw7=µ,+ . . .tn

( 2 3 ¥ 1 3 32 )1g
3 5 2 2 5

3

[ ( : : : " : : :3 .com.ni ∅ )
3 3



touchy Identity
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Kawamoto - Littlewood identity

Forcing P=Q in T we obtain a new bijection

P ( V ;K ; v7

IF-1 IT-1TzÉFoo¥9Ñoo i-ilaiziqlooiejlring.io/21ao
= [ zoddi

'
) + odd 's' ) 9151 A>↳ (a)

1,5

= [ [ z°ᵈdH
'
/ + addis's glgl

AS P
at

= [ zooldltv ) -100101cm'tE) + zoddcv
' )

µ , KY
× q.lk/t2HlV1t1Vlva

= # qw1z2oddw
' ') -4 /zoddlhdtoddtitt-iqlklfqillhav-cz-q.co#;qoomIbml2-i9) Paca ;q2)


