Integrable cellular automata, free
fermions and KPZ solvable
models.

Rigorous Statistical Mechanics and Related Topics
RIMS, Kyoto
18 November 2021

Matteo Mucciconi — based on a collaboration with Takashi Imamura and Tomohiro Sasamoto

arXiv:2106.11922[math.CO]
arXiv:2106.11913[math.CO]



Plan of the talk

* Part 1. Presenting the problem we want to solve;
mysterious connections between KPZ equation and
free fermions at positive temperature

e Part 2. combinatorial construction of the
correspondence KPZ models - free fermionic
systems



Plan of the talk

* Part 1. Presenting the problem we want to solve;
mysterious connections between KPZ equation and
free fermions at positive temperature



KPZ equation [Kardar-Parisi-Zhang ’86]

0,h = 0-h+ (0 _h)* + 7

» 1 = random height function 1 = space-time white noise
* What is it?
* Well posedness:

* Bertini-Giacomin '97

* Hairer '11

e Gubinelli-Perkowski-Imkeller ‘12



KPZ equation : exact solutions

0,h=0>h+ (3, h)* +1
h(x,0) = log(o,)

 Narrow wedge Initial conditions
[Amir-Corwin-Quastel, Calabrese-Le Doussal, Dotsenko, Sasamoto-Spohn ’11]

~ lexp (_Zeh((),t) t/lZ)] — det (1 _fKAiry)

LAR)

o0

Kpiry(X,y) = J Al(x + 2)A1(y + z)dz f(x) = —
0 1l +e*7/7

Airy Kernel Fermi factor



KPZ equation : exact solutions

0,h=0"h+ 0. h*+n x€R,
h(x,0) = log(o,)
0h(x=0,)=A

* Narrow wedge initial conditions in half space
[Gueudre-Le Doussal ‘12, Borodin-Bufetov-Corwin’16, Barraquand-Borodin-Corwin-Wheeler ‘11]

- lexp (- Zeh(O,t)+t/12)] = Pf (1 - fK) e,

K(x,y) Jx) =

1 + et/

2X2 matrix kernel

(Airy-like) Fermi factor



KPZ equation : exact solutions

Narrow wedge Initial conditions - |exp (—ze! @0 +12)

Narrow wedge initial conditions in half space s |exp (—zeO0H12)

Mysterious relations between free
fermions and KPZ equation Ansatz (BA)

Apparent only from the solutions

ZA(R)

| =PE(1-/K) 0

* Solutions are obtained through Bethe

 BA is very powerful but requires difficult

calculations and (often) non-rigorous

Can we establish connections between arguments
KPZ eq. and free fermions a priori?

 Can we create an elementary theory to

solve the KPZ eq.?



How to solve the KPZ equation with rigor?

KPZ is very irregular, also moments diverge fast!
KPZ eq. can be approximated by discrete solvable models

» Solvable polymer models (e.g. Log-Gamma polymers)

» Solvable particle systems (ASEP, g-TASEP)

Solvable models depend on a temperature parameter g € (0,1).

h'D(x, ) ——— h&%(x, 1)
g—1

...how to solve discrete models?



Solvable KPZ models and symmetric functions

» Solvable models in KPZ class are deeply connected to special symmetric
functions from rep. theory

* Typical model: g-Push TASEP [Borodin-Petrov ’12]

Instantaneous push

rate a, with prob g3
2 Y%
@@ +—@ @+ Z
Mp—1 Mty < g, > Mn+1 Nn+2

- Typical feature: Assume step initial conditions  #,(1)|,—¢ =

bﬂ@ ﬂ(a)@ ﬂ(bt) q-Whittaker measure
S pEE— [Borodin-Corwin ‘11]
Zq
a,b,

P, () —n=k = ),

=k =y 2 > e 2 0)



Solvable KPZ models and symmetric functions

b, P (a)P,(b)

q
Zx,bt

P () —n=k = )

pi=k
* KPZ behavior captured by marginal y, of the g-Whittaker measure

e Formulas for 1, or i, are obtained through various techniques (Macdonald
operators, Markov duality, Bethe Ansatz, Hecke algebras, Fock space...)

 Fredholm determinant formulas for p; available [Tracy-Widom, Borodin-
Corwin, Borodin-Corwin-Sasamoto] but no relation with free fermions.

* GOAL : relate y; with natural statistics of a system of free fermions



Positive temperature Free Fermions

< S

e Periodic Schur measure [Borodin *06] 3 i
5 MLH
1 ol Hd il st
P) = 749 261 $1p(@)S)p(D) S At u

B . I

2T =

2 4
. P(S =k) x g""*t* fork € Z independent of A 3 it g el

e (4 + 35, L, + 8, 1+, ...)is adeterminantal point
process

* Free fermionic nature of the PSM + edge scaling
asymptotics studied In [Betea-Bouttier]

o 0 0 0O 0 0 000 -0 -0

-igures from [Betea-Bouttier]



Positive temperature Free Fermions

L (/11 + 5 < S) — det(l +K)f2{s,s+l,...}

| | | | | | | | | | I
P Wi WP Wi Wi Wil Wil Wi Wik Wik Wik

e (41 + S5, L+ S, 44+ S,...) is adeterminantal point process with correlation
kernel
dw F(2)

|
HED = iy 3g|z|=r 5+ ﬁww o Fowy

H(b'/Z§Q)oo W (q; q)° I5(Cz/w; q) H
F p— ! — Q’q 0 3 < W’q . _ _ A
(Z) i>1 (aiz; Q)oo e w) 2 (@/w,gwlz; q) '93(2:; q) (Z, Q)OO B Lﬂ>0(1 ! 2




Positive temperature

KPZ solvable models .
free fermions

b, P ()P ()

|
A~ Zq Z q‘p‘sﬂ/p(x)s/l/p(y)

//t ~
q
Zxay X’Y P



Positive temperature

KPZ solvable models .
free fermions

b, P (x)P (y) 1
oLl il dd A~ = D q"ls;,,(x0)s,,()

Z;{y XY,
THEOREM (Imamura-M.-Sasamoto 21)
D
My +x =4 (%)

y independent of i, and P(y = n) = ¢"(¢"*'; )

o0



Positive temperature

KPZ solvable models .
free fermions

b, P (X)L (y) 1
PPNl bl b Ao~ = ) 4", (055,

q V4
Ly ALY p

THEOREM (Imamura-M.-Sasamoto 21)
D
My +x =4 (%)

y independent of i, and P(y = n) = ¢"(¢"*'; )

o0

Comments on ( % ):

* reveals the origin of determinantal formulas for KPZ solvable models
* suggests a new paradigm to solve models
* reveals combinatorial properties between Schur polynomials and g-Whittaker polynomials



Positive temperature

KPZ solvable models .
free fermions

b P ()P () 1
o ST 2 =3 g5, (05,00

q /
Zx,y XY p

THEOREM (Imamura-M.-Sasamoto 21)
D
My +x =4 (%)

y independent of i, and P(y = n) = ¢"(¢"*'; )

o0

Comments on ( % ):
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* suggests a new paradigm to solve models
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THEOREM (Imamura-M.-Sasamoto ’21)
9
My +x =4 (%)

y independent of i, and P(y = n) = ¢"(¢"*'; q)..

More Comments on ( % ):

* A similar equivalence holds also between KPZ models in half space and other models of
Free fermions (studied by [Betea-Bouttier-Nejjar-Vuletic’17])

 Earlier results relating KPZ models and free fermions:
e [Dean-Le Doussal-Majumdar-Schehr’15]
 [Borodin’16],[Borodin-Gorin’16],[Borodin-Ohlshanki’16],[Borodin-Corwin-
Barraquand-Wheeler’'17]

* |n previous results the relation is deduced from comparison of formulas.

* We prove the correspondence a priori and use it to derive solution of KPZ models!



Plan of the talk

e Part 2. combinatorial construction of the
correspondence KPZ models - free fermionic
systems



» We prove ( x ) combinatorially, developing a (bijective!) g-extension of the
RSK.
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» We prove ( % ) combinatorially, developing a (bijective!) g-extension of the
RSK.

« Combinatorial formulas

S/Vp(x) = Z x! sum over semi-standard tableaux
TeSST(A/p)
J | |J | \J \ ZJ |
A«/p — | |2 1 |2 | |2 1|2
— 3 2.,.2 2.2



» We prove ( x ) combinatorially, developing a (bijective!) g-extension of the
RSK.

« Combinatorial formulas

$1/p(X) = Z x! sum over semi-standard tableaux
TeSST(Alp)
@ﬂ(x; q) = 2 q% V)V sum over “vertically strict tableaux”
T e
veystiu F = intrinsic energy
Example : y = n=3
V = ’;-—l ;L_')_ 3 | é_z 2\_3 ‘:if—}_ ;_3 _;___J_

\ \
= 0 O O O O o QO O 1

CoY — 42 2 2 2, 2 2
P (X5 q) = XX + X125 + X1 X005 + X[ X3 + X1 XX5 + X1X5 + X505 + X5 + gxyxpx;



Cauchy ldentities

H 1

Z q"153,(%)8,/,(y) =
. &

(4 Do ;- (i3 Do

27020 =g
U

1,]



Cauchy ldentities

H 1

. Z q‘p‘s/l/p(x)s/l/p(y) —
AP

(43 Do ;- (Xi)js Do
1
b P ()P () =
o ﬂzyq u ,u(x) /4()7) @ q)ml;[(xiyj; )



Cauchy ldentities

[

[

Id —
) q""85,)(X)8),(y) = —
%:‘ prmar (75 D oo

(%) & Z q"s,,0s,0 =) ¢"b,P,HNP,H)

//ll+1/1—k
zl e



Cauchy ldentities

Zq‘p‘sﬂ/p(x)s/l/p(y) — ( . ) H ()C ) — Z Z Q‘p‘xPyQ
A,p 1-9 iYj» 4 Ap P,OeSST(\/p)
1
V] _
q"'b,P ()P (y) =
21" 007,00 = o o

(%) & Z q"s,,0s,0 =) ¢"b,P,HNP,H)

//ll+1/1—k
zl e



Cauchy ldentities

_ z Z q‘p‘xPyQ

(xly]’ q) A,p P,OESST(A/p)

H(x - _ Z Z Z q|v|+|1<|+%(V)+%(W) VyW
iYj»d wy KEX (1) V,WEVST (1)
o K(u)=1{k=(kp,...,K ) K; 2 Kiy if ; _//tz+1}

— |
b= @l = ), ¢or M & > K

i>1 KEK (1)

P —
q""'87)(X)S3,(¥) = —
%:‘ o (75 D oo

D 4"b,P,0)P,(y) = o

(%) & Z q"s,,0s,0 =) ¢"b,P,HNP,H)

//ll+1/1—k
zl e



Cauchy ldentities

H — Z Z g'P1xPy?

. Z q‘p‘s/l/p(x)s/l/p(y) —
AP

(q » ) (xly] ? q) A,p P,OESST(A/p)
. Z q"'0, P ()P (y) = (G 9)w H( )eo Z Z Z A
q,q xly]’ q u,v kX (u) V.WeVSsi(u)

o A(p) = K=K oK) 2K 2 Ky 1 0= i)

IDEA: (P, Q) < (V, W: K, 1)

(%) & Z q"s,,0s,0 =) ¢"b,P,HNP,H)

//il+l/1—k
zl e



Construction of (P, Q) «— (V, W; k, V) (sketch)
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P Q

1 2]

5
EEn L[5
S |

2 |5




Construction of (P, Q) «— (V, W; k, V) (sketch)

P Q

fjj /ZJ
314 L35
J 5lﬁ ZJL Sjﬁ

2, -,

e First construct v by “squeezing” P, O



Construction of (P, Q) «— (V, W; k, V) (sketch)

P Q

1 2] |
EEIn NENE % ]

ij} S ZJL Sjﬁ#

2, -,

e First construct v by “squeezing” P, O



Construction of (P, Q) «— (V, W; k, V) (sketch)

P Q

| 1 | 7 J
2 |34 1133 L = |

LSJ\S ZZ.J\S

2, =

e First construct v by “squeezing” P, O



v
Construction of (P, Q) < (V, W; k, V) (sketch)

P Q

| 1 | 7 J
2 |34 1133 L = |

LSJ\B ZZ.J\S

2, =

e First construct v by “squeezing” P, O

* From now on assume pair (P, Q) is “squeezed”



v
Construction of (P, Q) < (V, W; k, V) (sketch)

P O

| 1 7

2 | 3|4 1133
LSl\B 22.&5
Z >,

» To construct (V, W) we define a dynamics on tableaux based on internal insertion
[Sagan-Stanley’90]
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» To construct (V, W) we define a dynamics on tableaux based on internal insertion
[Sagan-Stanley’90]
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P O
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» To construct (V, W) we define a dynamics on tableaux based on internal insertion
[Sagan-Stanley’90]
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[Sagan-Stanley’90]




v
Construction of (P, Q) < (V, W; k, V) (sketch)

P O

L Sl\S 9 z_ks 1{75
__ZJ Li] 213 < ]_ﬂ;_ _\J_i\

» To construct (V, W) we define a dynamics on tableaux based on internal insertion
[Sagan-Stanley’90]
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» To construct (V, W) we define a dynamics on tableaux based on internal insertion
[Sagan-Stanley’90]
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» To construct (V, W) we define a dynamics on tableaux based on internal insertion
[Sagan-Stanley’90]
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» To construct (V, W) we define a dynamics on tableaux based on internal insertion
[Sagan-Stanley’90]
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» To construct (V, W) we define a dynamics on tableaux based on internal insertion
[Sagan-Stanley’90]
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» To construct (V, W) we define a dynamics on tableaux based on internal insertion
[Sagan-Stanley’90]
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» To construct (V, W) we define a dynamics on tableaux based on internal insertion
[Sagan-Stanley’90]
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» To construct (V, W) we define a dynamics on tableaux based on internal insertion
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v
Construction of (P, Q) < (V, W; k, V) (sketch)

P O

| 1 7 |
2 13 |4 RERE 1|4
1 Bl\B 9. z_ks 3 J\
2 3 119 15 1
2|3 212 |
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» To construct (V, W) we define a dynamics on tableaux based on internal insertion
[Sagan-Stanley’90]
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» To construct (V, W) we define a dynamics on tableaux based on internal insertion
[Sagan-Stanley’90]
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» To construct (V, W) we define a dynamics on tableaux based on internal insertion
[Sagan-Stanley’90]
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» To construct (V, W) we define a dynamics on tableaux based on internal insertion
[Sagan-Stanley’90]

(P,Q) = (P, Q)
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e [t remains to construct k.
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e [t remains to construct k.

e ;1 = shape of (V, W)  A/p = shape of (P, Q™) for n large
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* |t remains to construct k.
. i = shape of (V, W)  1/p = shape of (P™, Q™) for n large

Define 7, = p: —n X u;
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Construction of (P, Q) < (V, W; k, V) (sketch)

p 0 p(10)

'

Q(IO)

10 - I B SO
\ fl_ 7_ RSK | ) f 19 ?
2 |3 |4 113 |3 % S ;iﬁ‘f T
e SV EE 2% #1? 23 [ T2aT3
3
2, ey 2 . Z 24, 5
3014 1 Tz
30 [2 3) [
%QJ 33&_&

e [t remains to construct k.

. i = shape of (V, W)  1/p = shape of (P™, Q™) for n large 7 =0=30-10X%3
5, =2=22-10x2

Define 1, = p; —n X y/ ]
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Construction of (P, Q) < (V, W; k, V) (sketch)

P O

| 1 ya RSKIO 12
2 |3 |4 REE —_—)

L1 3 l\B . 2.&5 77__;_
2, >, 2L
3‘1

3)

33

e [t remains to construct k.
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Construction of (P, Q) < (V, W; k, V) (sketch)
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e [t remains to construct K.
. i = shape of (V, W)  1/p = shape of (P™, Q™) for n large 7 =0=30-10X%3
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Construction of (P, Q) «— (V, W; k, 1) (sketch)
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e (P,0Q) < (V,W;1)is a bijection, but 7 depends on (V, W)!
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Construction of (P, Q) «— (V, W; k, 1) (sketch)
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e (P,0Q) < (V,W;1)is a bijection, but 7 depends on (V, W)!
LEMMA (IMS’21)

T, =K+ X (V)+ (W) (A)

Z ; = local energy function
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Construction of (P, Q) «<— (V, W; k, v) (sketch)
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e (P,0Q) < (V,W;1)is a bijection, but 7 depends on (V, W)!

| EMMA (IMS’21)
T, =K+ H[V)+ (W) (A)

Z ; = local energy function

Comments on ( /\ ):

* Shows deep connections between theories of skew tableaux and theories of discrete
integrable systems, Kashiwara crystals, ...

» /# ; appear in the description of phase shift in the 3l , Box and Ball System
* This is because the skew RSK dynamics is a generalization of the Box and Ball Systems



Construction of (P, Q) «— (

|

1

L,

1

e

|

ya

3

RSK
—

v

v

v,

1

>

L|

2,

=

1
9
3

VA4

W: k, V) (sketch)
|14 T
L 021D
3

T, =K+, (V)+ X (W)

» To prove energy (# ) formulas we need to study symmetries of the skew RSK

» Classical RSK commutes with 81, Kashiwara operators

N

« Energy # comes from affine (81 ,) crystals
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To prove energy (# ) formulas we need to study symmetries of the skew RSK

Classical RSK commutes with 81, Kashiwara operators

N

Energy # comes from affine (81 ,) crystals

IDEA : equip (P, Q) and (V, W) of 31 . - bicrystal structure preserved by RSK



Affine crystal graphs

* Vertically strict tableaux are tensor product
of KR crystals

[

—

« The crystal graph VST(u) is connected
[Kashiwara’90]

0
* Demazure subgraph: remove

“bad” e, f, arrows
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« For any V there exist a path on the
Demazure subgraph &y, : V= YAM(u)
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fo —

[Schilling-Tingley’12]
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Affine Bicrystal (P, O)

» On (V, W) bicrystal structure is product structure
» Impose (P, Q) — (V, W) preserve bicrystal structure

e On (V, W) bicrystal structure is NOT product structure ( nontrivial ZO, fO)

« We transport maps £y, Ly — £ P,0
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» On (V, W) bicrystal structure is product structure
» Impose (P, Q) — (V, W) preserve bicrystal structure

e On (V, W) bicrystal structure is NOT product structure ( nontrivial EO, fo)

« We transport maps £y, Ly — £ P,0

1 2
Example: 2|34 1[3]3
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Affine Bicrystal (P, O)

» On (V, W) bicrystal structure is product structure
» Impose (P, Q) — (V, W) preserve bicrystal structure

e On (V, W) bicrystal structure is NOT product structure ( nontrivial EO, fO)

« We transport maps £y, Ly — £ P,0

1 2
Example: 2|34 1[3]3
1131]5 12125
2 3

LEMMA (IMS’21)

Z p o linearizes the skew RSK map



To sum up
e (P,0Q) «— (V, W; Kk, ) has the following properties

« P and V have equal content. Same for Q and W
e |lpl=ZV)+ W)+ ||+ |V (X =T+ 7+ )

« My =p + 1
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To sum up
e (P,0Q) «— (V, W; Kk, ) has the following properties

« P and V have equal content. Same for Q and W

e lpl=ZNV)+ZW)+ x|+ |v] (X =H + X+ )
s A=ty
THEOREM (IMS’21) Z q|p|s/1,p(x)s/1,p(y) = Z q'”'bﬂg’ﬂ(x)@ﬂ(y)
/ll_k pi+v=k
THEOREM (IMS’21) Z q"s;,(x) = Z q"'b, P (x;q°)
y u+v =k

/ll_k



Conclusion

* Our bijective theory gives direct connection between solvable non-free
fermionic models and positive temperature free fermionic models

* Mysterious appearence of a discrete integrable system (generalization of
BBS)

« We construct a bijective g-extension of the RSK correspondence Y

« With Y we can prove bijectively the Cauchy identities (Cl) for g-Whittaker
polynomials (first time)

« With Y we can prove bijectively refinements of the ClI relating g-Whittaker and
skew-Schur polynomials



